Abstract: A statistical energy analysis (SEA) approach is used to predict the sound transmission loss (STL) of sandwich panels numerically. Unlike conventional SEA studies of the STL of sandwich panels, which consider only the antisymmetric (bending) motion of the sandwich panel, the present approach accounts for both antisymmetric and symmetric (dilatational) motions. Using the consistent higher-order sandwich plate theory, the wave numbers of the waves propagating in the sandwich panel were calculated. Using these wave numbers, the wave speed of the propagating waves, the modal density, and the radiation efficiency of the sandwich panels were determined.
Introduction
Sandwich constructions are widely used in engineering applications because of the extremely high stiffness-to-mass ratio. The same high stiffness-to-mass ratio that imparts mechanical efficiency also imparts efficient transmission and radiation of acoustic noise, posing a serious problem for some applications. To address this problem, engineers have attempted to identify optimal designs for sandwich panels that balance mechanical and acoustical properties. In one such study, Dym and Lang [1] concluded that asymmetric sandwich panel designs could enhance the sound transmission loss of sandwich panels, albeit at the cost of higher mass density. Thus, the present study focuses on symmetric sandwich panels, in which the two face sheets are identical.
Vibro-acoustic studies of symmetric sandwich panels have been carried out both theoretically [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and numerically [11] [12] . A detailed review of theoretical approaches was given in Ref. 10 .
Comparing with the theoretical methods, numerical approaches have more practical importance, i.e., when the sandwich panel is part of a large structure and the interactions between structures are important. Conventional numerical methods include the finite element method (FEM) and boundary element method (BEM). However, the utility of FEM at high frequency is generally limited because of the vast number of vibration modes [11] . For the same reason, efforts to simulate vibration modes using BEM have encountered similar limitations at high frequencies [12] .
In contrast to the above-mentioned methods, statistical energy analysis (SEA) is well-suited to the analysis of high-frequency structural response under acoustic excitation, particularly for large structures [13] . SEA is based on the statistics of vibration modes. The modal densities of sandwich panels have been studied by Renji et al. [14] . The prediction of STL of homogeneous panels using SEA is well-documented [15] [16] . By treating the sandwich panel as a single homogeneous layer, this approach has been used to predict the STL of sandwich panels [17] . However, for sandwich panel vibrations, the two face sheets do not necessarily move in phase with each other. In fact, this distinctive feature can cause dilatational motion of the two face sheets [5] . The shortcomings of this SEA approach stem from the fact that only the antisymmetric (bending) motion of the structure was Ghinet et al. [18] used SEA method to calculate the transmission loss of curved sandwich panels by treating them as general composite laminates. The dispersion behavior of the panel was calculated from the dynamic equations, with which the modal density, radiation efficiency, and transmission loss of the composite panels were predicted. However, the displacement field of any discrete layer of the panel was of Mindlin's type, and was assumed to be incompressible in the normal direction, which neglected the dilatational motion of the sandwich panel. This study was further extended recently to predict the sound transmission from diffuse field into infinite sandwich composite and laminate composite cylinders [19] .
One approach to solve for the limitation of the dilatational motion of sandwich panels involves the use of higher-order theory. A recent report described the use of consistent higher-order sandwich plate theory (HSAPT), which considers both the antisymmetric and symmetric motions [20] . HSAPT was both accurate and efficient when used to describe and predict dynamical motions of sandwich panels. In the present paper, this approach will be briefly reviewed, and then combined with SEA to predict the sound transmission loss of sandwich panels. The major difference between the present approach and previous SEA of sandwich panels is the incorporation of the dilatational modes in the study.
The modal density, and the coupling and dissipation loss factors form the basic parameters required for SEA. The accuracy of the prediction strongly depends on the accuracy with which these parameters are calculated. In the present paper, the wave numbers of the antisymmetric and symmetric motions of the sandwich panel are predicted using the HSAPT approach. Subsequently, In the HSAPT approach [20] , the shear strains in the thin face sheets are neglected, and the inplane stiffness of the core is also neglected. The height of the core may change under loading, and the core cross section does not remain planar. The interface layers between the face sheets and the core are assumed to provide perfect continuity of the deformations at the interfaces. Based on these assumptions, the displacement of the core can be expressed in terms of the displacements of the face sheets and the shear stress of the core, and most importantly, the core displacement varies nonlinearly in the thickness direction of the core.
Dynamic Equations
The general motion of the sandwich panel can be transformed using Eqs. (1) and (2) where ̅, ̅ and ̃,̃ are the symmetric and antisymmetric displacement components of the face sheets, respectively, and the plus and minus signs are used for the upper and lower face sheets, respectively.
The antisymmetric motion can also be considered as the bending motion of the sandwich panel.
Here, the two face sheets move in phase with each other, as in the pure bending motion of a singlelayer panel. On the other hand, in the symmetric motion of the sandwich panel, which is also called dilatational motion, the two face sheets move out of phase with each other (see Fig. 2 ). In both cases, the amplitudes of the two face sheets are equal. When the two face sheets of the sandwich panel are identical, the antisymmetric and symmetric motions of the sandwich panel can be treated separately.
The symmetric motion of the sandwich panel is governed by the displacement of the symmetric motion of the face sheets, expressed as (3) core, d is the thickness of the face sheet, Ec and Gc are the elastic and shear moduli of the core, respectively, ρ is the material density of the face sheet, ρc is the material density of the core, pi (x, t) is the sound pressure acting on the face sheet, and t is the time coordinate [10] .
The symmetric and antisymmetric impedances of the sandwich panel can be calculated from Eqs. 3, 4, 5, 6, 7 after using the harmonic wave forms of the pressures and the displacements in the equations (8) (9) where Z̃ is the impedance of the antisymmetric motion of the sandwich panel, ̅ is the impedance of The antisymmetric and symmetric impedances determined in Eqs. 8, 9 will be used to calculate the wave number, and finally, the sound transmission loss of the sandwich panel, as described in 
SEA Equations
The sound transmission between two rooms coupled by a common panel is treated as a threeway coupled system, which is shown schematically in Fig. 2 . Subsystem 1 is the ensemble of modes of the diffuse, reverberant sound field in the source room. Subsystem 2 is an appropriately chosen group of vibration modes of the panel. Subsystem 3 is the ensemble of modes of the diffuse reverberant sound field in the receiving room. Sound is generated by a loudspeaker in the source room, which is transmitted through the panel to the receiving room. The power balance of the subsystems in Fig. 3 is given by the following three algebraic equations: 
where ηij is the coupling loss factor from subsystem i to subsystem j, and ni is the modal density of subsystem i. They obey the reciprocity rule (20) Therefore, for the sandwich panel under study
The power that the plate radiates into the receiving room, having been excited into vibration by the sound power from the source room, is given by W23. Thus
Substituting Eqs. (14)- (16) 
The modal densities are calculated from [13] (28)
where ̃= /̃ and ̃= /̃ are the phase and group speeds for the bending wave traveling in the sandwich panel, and ̅ = / ̅ and ̅ = / ̅ are the phase and group speeds for the dilatational wave in the sandwich panel.
The relationship between the bending ṽ and the dilatational ̅ velocities are derived from Eqs. 
The transmitted energy W13 given by the mass law, depends only on the areal mass density of the sandwich panel, and is calculated by the formula below [15] (39)
The sound transmission coefficient is defined as the ratio between the transmitted and incident sound powers, which can be represented as 
Substituting Eq. 38 into Eq. 41, the sound transmission coefficient is calculated. The transmission coefficient τ is a function of the incident angle θ. To account for the incident sound waves from all directions of a diffuse sound field, the sound transmission coefficient is averaged with respect to the azimuthal angles (42) where ̂ is the averaged field-incidence transmission coefficient and θ0 = 78 deg is the empirically determined upper bound of the incident angle.
Finally, the sound transmission loss is calculated using (43) A sandwich panel (panel A) was used as a numerical example to calculate the transmission loss with the present SEA approach, the properties of which are listed in Table 1 . The sound transmission loss was predicted and compared with experimental data and with predictions generated using other SEA approaches. The key parameter for the SEA approach is the wave number of the traveling wave in the structure. From knowledge of this parameter, the wave speed, radiation efficiency, and modal density can be determined and used to calculate the sound transmission loss.
Numerical Examples

Impedances
The consistent HSAPT approach was utilized in the calculation to consider both the antisymmetric and symmetric motions of the sandwich panel. First, the antisymmetric Z̃ and symmetric ̅ impedances of the sandwich panel were calculated from Eqs. 8, 9. The expressions for the impedances were neglected here because of the complexity of the equations. The impedances, both symmetric and antisymmetric, are purely imaginary, as long as no damping is included. The amplitudes of the symmetric and antisymmetric impedances of panel A are displayed in Fig. 4 for normal incidence.
The antisymmetric impedance is smaller than the symmetric impedance at low frequency, so the panel behaves mostly in bending motion below 1000 Hz. At frequencies above 1000 Hz, the dilatational mode becomes more prominent, especially when the symmetric impedance is less than the antisymmetric impedance at ∼1700-2000 Hz. At still higher frequencies, the two impedances tend to coincide, indicating that the dilatational modes are comparable in amplitude to the bending modes of the sandwich panel motions. The cause of this phenomenon will be discussed next. A comparison of the wave speeds of panel A with the speed of sound in the air is given in Fig. 5 .
The antisymmetric wave speed ̃ increases with frequency and coincides with the speed of sound in the air at ∼3000 Hz. The symmetric wave speed ̅ is constant at low frequency and much greater than the speed of sound in air. The constant wave speed at low frequency derives from the longitudinal wave propagating in the thickness direction of the sandwich panel, because there is no dilatational motion in the sandwich panel yet. Because the symmetric wave speed is always greater than the speed of sound in the air, the symmetric coincidence occurs at ∼2000 Hz when the first dilatational mode occurs. The dilatation frequency fd is defined as [4] (47)
where
is the longitudinal modulus of the core. Using the material properties defined in Table 1 , fd = 2030 Hz.
At high frequency, both the antisymmetric and symmetric wave speeds vary asymptotically with cb skin, the bending wave speed of a skin loaded with half of the core mass [17] (48) waves propagate in the sandwich panel, and both are related to the bending speed of each wall. As the two walls bend in phase, the sandwich panel appears to be in antisymmetric motion, and when they bend out of phase, the dilatational motion is observed. Therefore, the difference in wave speed is expected to be negligible, while different vibration modes are observed as the two walls vibrate in phase or out of phase with each other. This is the reason for the equivalence of the antisymmetric and symmetric impedances at high frequencies, as described above.
The group wave speeds cg were also determined from the wave numbers by cg = dω/dk = 
Radiation Efficiency
The radiation efficiency is defined as the ratio of the sound power radiated by the structure to the sound power radiated by a piston of equal area of radiation. The radiation efficiency depends on the wave number. Lyon and DeJong's formula [13] was used to calculate the radiation efficiency of the bending motion of the sandwich panel below the antisymmetric coincident frequency (49) where Ls is the perimeter of the sandwich panel, and k0 is the wave number of sound in the air.
Above the antisymmetric critical frequency, the antisymmetric radiation efficiency goes asymptotically to value 1 (50)
As discussed above, there is no dilatational motion below fd, which is the first resonant frequency for the symmetric motion. The radiation efficiency of the symmetric motion is therefore approximated as The radiation efficiencies of panel A are shown in Fig. 7 . The antisymmetric radiation efficiency increases gradually with frequency. As the frequency increases, more and more resonant modes occur in the structure and the structure becomes a better noise radiator. At the coincident frequency, the speed of sound in air matches the speed of sound waves in the structure, which enables the structure to be an efficient sound radiator. Thus, at this frequency, the sound radiation efficiency reaches a maximum. The symmetric radiation efficiency is defined by Eqs. (51) and (52). simpler SEA approach described in Ref. [17] . The present prediction matches the measured experimental data well. Both the symmetric coincident frequency (2000 Hz) and the antisymmetric coincident frequency (3000 Hz) were predicted by the present approach, while only the antisymmetric coincident frequency was predicted by the previous SEA approach in Ref. [17] . The shortcoming of the simpler SEA approach arises because the sandwich panel was assumed to be single-layer and homogeneous, while the present SEA approach considers both the antisymmetric and symmetric motions of the sandwich panel. [6] , --represents the prediction of the SEA approach in Ref. [12] 
Conclusions
The sound transmission loss of symmetric sandwich panels was predicted using a SEA approach.
Unlike conventional SEA, the current approach considered both antisymmetric and symmetric The present SEA approach overcomes a shortcoming of conventional SEA approaches, by accounting for symmetric motions of the sandwich panel. In addition, the present approach can be used to predict additional acoustic properties, such as the modal density, wave speed, and radiation efficiency. These capabilities can be applied to studies of sandwich panel vibration and radiation.
Future work will be devoted to optimizing the design of sandwich panels for acoustic and mechanical
properties.
